Transonic and subsonic boundary layer icing by Otta, Shourya Prakash
Retrospective Theses and Dissertations Iowa State University Capstones, Theses and Dissertations 
1-1-2006 
Transonic and subsonic boundary layer icing 
Shourya Prakash Otta 
Iowa State University 
Follow this and additional works at: https://lib.dr.iastate.edu/rtd 
Recommended Citation 
Otta, Shourya Prakash, "Transonic and subsonic boundary layer icing" (2006). Retrospective Theses and 
Dissertations. 19026. 
https://lib.dr.iastate.edu/rtd/19026 
This Thesis is brought to you for free and open access by the Iowa State University Capstones, Theses and 
Dissertations at Iowa State University Digital Repository. It has been accepted for inclusion in Retrospective Theses 
and Dissertations by an authorized administrator of Iowa State University Digital Repository. For more information, 
please contact digirep@iastate.edu. 
Transonic and subsonic boundary layer icing 
by 
Shourya Prakash Otta 
A thesis submitted to the graduate faculty 
in partial fulfillment of the requirements for the degree of 
MASTER OF SCIENCE 
Major: Aerospace Engineering 
Program of Study Committee: 
Alric P. Rothmayer, Nlajor Professor 
Jolin C. Tannehill 
Eugene S . Takle 
Iowa State University 
Ames, Iowa 
2006 
Copyright ©Shourya Prakash Otta, 2006. All rights reserved. 
11 
Graduate College 
Iowa State University 
This is to certify that the master's thesis of 
Shourya Prakash Otta 
has met the thesis requirements of Iowa State University 
Signatures have been redacted for privacy 
111 
Dedication 
I dedicate this work to my father, Mr. Prabodh K. Otta, for his guidance and inspiring me 
foz• scholarship and my mother, Mrs. Simantini Otta, for• her continuous encouragement. 
1V 
TABLE OF CONTENTS 
LIST OF FIGURES   vi 
NOMENCLATURE   xi 
ACKNOWLEDGEMENTS   xiii 
ABSTRACT  xiv 
CHAPTER 1. INTRODUCTION   1 
1.1 Organization of thesis   3 
CHAPTER 2. A COMPARISON OF LAMINAR SUBSONIC, SUPER-
SONIC AND TRANSONIC BOUNDARY LAYER FLOW PAST A FLAT 
PLATE   4 
2.1 Abstract   4 
2.2 Introduction   4 
2.3 Boundary layer equations   6 
2.4 Low Mach number solutions   8 
2.5 Validation using high Mach number solutions   14 
2.6 Comparison with low Mach number solutions   18 
CHAPTER 3. BOUNDARY LAYER ICING   22 
3.1 Basic assumptions   23 
3.2 Equations for the boundary layer icing model   23 
3.3 The Prandtl boundary layer icing parameter space   26 
3.4 Transonic boundary layer icing   30 
CHAPTER 4. COMPUTATIONS FOR BOUNDARY LAYER ICING 34 
4.1 Numerical schemes   35 
4.2 Boundary layer flow over a flat plate   36 
4.3 Contact line   40 
4.4 Water film and ice growth computation   47 
CHAPTER 5. CONCLUSION   61 
APPENDIX. FINITE DIFFERENCE WENO SCHEMES   62 
BIBLIOGRAPHY   67 
Vl 
LIST OF FIGURES 
1.1 Geometry for airfoil with ice and water film  3 
2.1 Wall skin friction parameter with Pr = 0.72. The plotted curve is both 
the coarse and the fine grid solutions. The circular symbol (o) represents 
data from White(28) for the upper branch and Davis et al. (29) for the 
lower branch.   12 
2.2 Self-similar temperature function e with Pr = 0.72  12 
2.3 Wall heat flux parameter of the self-similar temperature function e with 
Pr = 0.72. The plotted curve is both the coarse and the fine grid solutions. 13 
2.4 Self-similar temperature function 11 with Pr = 0.72  13 
2.5 Wall heat flux parameter of the self-similar temperature function h with 
Pr = 0.72. The plotted curve is both the coarse and the fine grid solutions. 14 
2.6 Velocity in physical coordinates with Tw = Te, Te = 217.67K, Pr = 
0.75 ats= 1.   16 
2.7 Temperature in physical coordinates with Tw = Te, Te = 217.67K, 
Pr=0.75ats=1  16 
2.8 Variation of viscosity-density parameter with Tw = Tel Te = 217.67K, 
Pr = 0.75 at s = 1. 17 
2.9 Temperature for constant and varying viscosity-density parameter with 
Tw = Te, Te = 217.67K, Pr = 0.75 at s = 1  17 
vii 
2.10 Comparison of the wall heat transfer of the transonic, calculations with 
the low Macli number limit solution. Note that the darkened symbols 
show the location of the 11,1 = 1 point on the computed transonic heat 
transfer curve for the given dimensional temperature difference OT * . 
Twall = 273.1511, Te = T~ = 7'wall — OT *  20 
2.11 Comparison of the wall heat transfer of the transonic calculations with 
the low Mach nurnbez• limit solution. Note that the darkened symbols 
show the location of the M~ = 2 point on the computed transonic heat 
transfer curve for the given dimensional temperature difference OT * . 
7'wall = 273.1511, Te = T~ = 7'wall — OT*  21 
3.1 Prandtl boundary layer icing parameter space.   27 
3.2 Representative scales for the least degenerate point in icing parameter 
space.   33 
4.1 Collection efficiency for the semi-infinite flat plate.   38 
4.2 Collection efficiency for the stagnation flow.   38 
4.3 Early shock formation for the water film. The arrow shows the direction 
of increasing time.   39 
4.4 Asymptotic approach for the water film with the BX 1~4 curve. The 
arrow shows the direction of increasing time.   39 
4.5 Water film front on O (1) length scale for constant applied shear stress 
~/~1/C = 0.47. OX = 0.005, OT = 0.001. The arrow shows the direction 
of increasing time.   44 
4.6 Wave speed comparison between the wave speed computed from O (1) 
film equation and the Rankine-Hugoniot relation.   44 
4.7 Typical water film solution for the contact line with precursor film. 
~/PVC = 0.47. OX = 0.04, OT = 10-5. The arrow shows the direction 













Comparison of the wave speed at the contact line with the Rankine-
Hugoniot relation.   45 
Ice sllape for different grid spacings. 11~1~ = 0.3, Vdrop = 0.5, T~ _ 
265.OK, Daw = 10-3 , LWC* = 1.Og/m3, Tair foil = 0.0. Time for 
accretion is 6 minutes.   49 
Ice sllape for different time steps. Conditions are the same as in Fig. 4 9. 49 
Run times for Crank-Nicolson scheme with 3rd WEND operator. Con-
ditions are the same as in Fig. 4.9.   50 
Run times for 3rd order TVD Runge-Kutta scheme Wltll 3rd WENO 
operator. Conditions are the same as in Fig. 4.9.   50 
Water film and ice shape for asemi-infinite flat plate. M~ = 0.3, 
Vdrop = 1.0, T~ = 265.OK, Daw = 10-3, LWC* = l.Og/rn3, Tair foil = 
0.0. Time for accretion is 0 minutes. The arrow shows the direction of 
increasing time.   51 
Water film shape on the ice surface for asemi-infinite flat plate. Con-
ditions are the same as in Fig. 4.13. The arrow shows the direction of 
increasing time.   51 
Water film and ice shape for the stagnation flow. Conditions are the 
same as in Fig. 4.13. The arrow shows the direction of increasing time. 52 
Water film shape on the ice surface for the stagnation flow. Conditions 
are the same as in Fig. 4.13. The arrow shows the direction of increasing 
time.   52 
Ice shapes for different free-stream temperatures for asemi-infinite flat 
plate. M~ = 0.25, Vdrop = 1.0, LWC* = 0.5g/m3, Daw = 10-3, 
Tairfoil = 0.0. T~ = T freezing ~ OT*. Time for accretion is 6 minutes. 55 
Ice shapes for different liquid water content (LWC *) for asemi-infinite 
flat plate. llil~ = 0.3, Vdrop = 0.5, T~ = 265.OK, Daw = 1 C 3, 











Ice shapes for• different airfoil temperatures Tair f oil for asemi-infinite 
flat plate. 11~1~ = 0.3, Vdrop = 0.5, T~ = 265.OK, Dau, = 10-3, 
LT-~C* = 0.5g/rrz3. Time for accretion is 6 minutes. 
Ice shapes for different droplet, velocities for asemi-infinite flat plate. 
56 
M~ = 0.3, T~ = 265.OK, Dau, = lO-3, LT~VC* = l.Og/~,3, Tair foil = 
0.0. Time for accretion is 6 minutes.   56 
Ice shapes for different free-stream Mach numbers M~ for asemi-
infinite flat plate. Vdrop = 1.0, T~ = 265.OK, Dau, = 10
-3 
, LTV C* _ 
0.5g/m3, Tair foil = 0.0. Time for accretion is 6 minutes.   57 
Ice shapes for different air/water density ratios for asemi-infinite flat 
plate. M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, LWC* = l .Oglm3 , 
Tair foil = 0.0. Time for accretion is 6 minutes.   57 
Ice shapes for different free-stream temperatures for stagnation flow. 
M~ = 0.3, Vdrop = 0.5, LT~'C* = l .Og/m3 , Tair foil = 0.0, Dau, = 10— . 
T~ = T freezing ~ OT * • Time for accretion is 6 minutes.   58 
Ice shapes for different liquid water content (LWC *) for stagnation flow. 
M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, Dau, = lO-3, Tair,foil = 0.0. 
Time for accretion is 6 minutes. 58 
Ice shapes for different airfoil temperatures Tair f oil for stagnation flow. 
M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, Dau, = 10-3, LWC* = l.Og/m3. 
Time for accretion is 0 minutes. 
Ice shapes for different droplet velocities for stagnation flow. 11~1~ = 0.3, 
T~ = 265.OK, Dau, = 10-3, LWC* = l.Og/m3, Tairfoil = 0.0. Time 
for accretion is 6 minutes.  
Ice shapes for different free-stream Mach numbers M~ for stagnation 
flow. Vdrop = O.S, T~ = 265.OK, Dau, = 10-3 , LWC* = l .Og/m3 , 





4.28 Ice shapes for different air/water density ratios Daw for stagnation flow. 
M~ = 0.3, Vdrop = 0.5, T~ = 265.OIs , LWC* = l.Og/m3, Tair f oil = 
0.0. Time for accretion is 6 minutes.   60 
xi 
NOMENCLATURE 
J Total enthalpy 
~" Free-stream air temperature perturbation from wall temperature 
Re Reynolds number 
M~ Free-stream Mach number 
Te, J e Temperature and total enthalpy at the edge of the boundary layer 
Ue Velocity at the edge Of the boundary layer 
pe , ,c.ce Density and viscosity at the edge of the boundary layer 
Te Dimensional temperature at the edge Of the boundary layer 
Tw Non-dimensional wall temperature 
pw Non-dimensional wall density 
p Density within the boundary layer 
T, R Non-dimensional perturbation temperature and density within the boundary layer 
Cf Skin friction coefficient 
CH Heat transfer coefficient 
OT* Dimensional temperature difference between the free-stream and the wall 
T~ Temperature within the boundary layer scaled using ~Te — Tw ~ for a flat plate 
~ Pressure gradient parameter 
m~ Parameter relating ~" and 1~1~ 
e, h Temperatures with and without Mach number heating 
Pr Prandtl number 
~, ~, ~, f Stream functions 















7'air f oil 
gwater 
Bice 
Stream-wise and wall-normal velocities 
Film inertia parameters 
Air/water density ratio 
Ice/water density ratio 
Water/air• conductivity ratio 
Ice/water conductivity ratio 
Air/ice specific heat ratio 
Air/water• specific heat ratio 
Stefan number 
Liquid water content 
Scaled water film height 
Height of ice surface at the height scale of the water film 
Temperature perturbation in the water film 
Non-dimensional surface tension 
Collection efficiency of water 
Temperature on the airfoil surface in terms of the temperature perturbation 
Heat flux in water 
Heat flux in ice 
Superscript 
* Dimensional quantity 
Subscript 
e Property at the edge of the boundary layer 
w Property at the wall 
s, N Derivatives in boundary layer equations 
~, ~ Derivatives in boundary layer equations in transformed coordinates 
ACKNOWLEDGEMENTS 
I would like to thank Dr. Alric Rothnlayer for his guidance and inspiration without which 
this work would not have been possible. I would also like to thank Office mates Brian Matheis 
and Guoging Wang for many interesting discussions on the icing problem. I wish to thank Dr. 
Mark Potapczuk for his helpful guidance and support. This research was partially supported 
by the Icing Branch at the NASA Glenn Research Center under contract NAG-3-2863. 
X1V 
ABSTRACT 
A low Mach number Prandtl boundary layer formulation proposed for aircraft icing is 
considered for high subsonic and transonic Mach numbers. A boundary layer formulation 
is developed for the airflow for the low Mach number limit. From the computation of self-
similar low Mach number Falkrier-Skan solutions past a wedge and full compressible boundary 
layer equations, it is shown that the laminar transonic boundary layer flow past a constant 
temperature flat plate may be accurately calculated using the simpler low Mach number limit 
solution. Using the boundary layer formulation, an asymptotic model for the surface water 
transport and ice accretion is derived for transonic and high subsonic Mach numbers. The 
behavior at the contact line is discussed. The equations for transonic Mach number icing are 
used for the computation of ice shapes for different conditions. The two-dimensional solutions 
for flow past a flat plate and stagnation flow are used to compute sample calculations for thin 
ice sheets. 
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CHAPTER 1. INTRODUCTION 
Ice formation on surfaces occurs in a number of situations varying from aircraft surfaces 
such as wing and propellers to power cables and marine icing. The ice shapes formed on such 
surfaces also differ depending on the climatic conditions under consideration. Supercooled 
water droplets, present in the atmosphere, freeze upon coming in contact with the surface. In 
extremely cold temperatures, the water freezes almost completely and the ice formed in such 
a case is referred to as rime ice. Rirne ice can be considered t0 have a little or no water on its 
surface. Hov~jever, for temperatures close to freezing, the entire mass of water coming onto the 
surface does not freeze and there is a combination of water and ice on the surface. Such an 
ice formation is referred to as glaze ice. Since there is a presence of water on the ice surface 
and the behavior Of the surface water influences any further ice formation, and often leads to 
complex ice shapes, the prediction of glaze ice shapes continues to be a challenging problem. 
In the current study, the ice formation on aircraft surfaces is of interest. Ice formations 
On aircraft wings alter aerodynamics significantly, can cause failure in controls, and have been 
attributed as the cause for many in-flight accidents. The aircraft icing problem consists of the 
supercooled water droplets in air impacting on the aircraft surface, ice/water film formation 
on the surface, and possible evaporation, sublimation and condensation. These aspects have 
been discussed by Messinger(1) . For the modeling of glaze ice over surfaces, numerous models 
using alubrication-type equation for the water film have been used, e.g. by Myers et al. (2), 
and Bourgault et al(3) . These models are being used in the ice accretion codes ICECREMO 
and FENSAP-ICE respectively. 
A low Mach number Prandtl boundary layer theory for aircraft icing has been developed by 
Rothmayer(4). This model focuses on the water film transport, the role of droplet distributions 
and the formation of ice structures wetted by the thin water films. Some effects such as evap-
2 
oration, sublimation and condensation are not being considered in this model. The aircraft 
icing problem is considered as shown in Fig l.l. The liquid water content (LWC) represents 
the mass of supercooled water droplets present in air and is usually of the order of 1 g/m3. 
The path of the water droplets coming onto the surface is affected by the airflow. The local 
mass accumulation of water is given by a collection efficiency on the surface (to be defined 
later) . The ice surface is assumed to be at freezing temperature. Considering the free-stream 
as the reference, the temperature on the airfoil surface can be expressed in terms of a small 
characteristic temperature perturbation `r from that reference temperature. A low Mach num-
ber boundary layer solution is used for the airflow. A model for the water film and boundary 
layer icing is proposed, which is used to evaluate the various competing effects, such as heat 
transfer from the air and heat conduction within the ice surface. Key parameters affecting the 
asymptotic behavior are identified. A least degenerate case is identified in this boundary layer 
icing model, which incorporates a balance of the different effects present in the problem, i.e. 
the heat flux from airflow, droplet impacts, and heat conduction through the ice. This least 
degenerate case is suggested as the starting point for constructing the equations for transonic 
boundary layer icing. 
Using the suggested least degenerate model(Rothmayer(4)), the equations for transonic 
boundary layer icing are derived in the current study. Full compressible boundary layer equa- 
tions,valid at transonic Mach numbers, are solved. From a comparison of the solutions from 
these computations with the low IVlach number Falkner-Skan solutions, it is shown that tran-
sonic and to a limited extent, supersonic boundary layer flow past a flat plate can be solved 
using the low Mach number solutions. The least degenerate transonic icing problem has O (1) 
temperature perturbations. A balance between boundary layer heating and free-stream heat-
ing/cooling admits transonic Mach numbers. Using the parameters such as the liquid water 
content LWC, the temperature perturbation ~ and the corresponding ice height scale for this 
least degenerate case, the equations for surface transport of water and the rate of growth of 
ice for transonic boundary layer icing are constructed. These equations are used to compute 
ice shapes for asemi-infinite flat plate and a stagnation flow. The water film behavior at 
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Figure 1.1 Geometry for airfoil with ice and water film. 
asymptotic model which can be used for ice accretion codes at both subsonic and transonic 
Mach numbers. 
1.1 Organization of thesis 
The thesis is divided into three main chapters. Chapter 2 deals with the air boundary 
layer. It discusses the computation of the full compressible boundary layer equations and the 
Falkner-Skan solutions for the low Mach number formulation, as well as the conclusion that 
this low Mach number solution can be used for transonic boundary layer flow past a flat plate. 
Chapter 3 reviews the basic equations for boundary layer icing and its assumptions. In this 
chapter, the reasoning for the least degenerate case is discussed and the final equations for 
surface water transport and ice accretion are formulated. Chapter 4 discusses the numerical 
schemes for computing the water film transport on the surface along with the solutions for the 
contact line. A possible multiple scales problem is also explored for the contact line. Finally, 
ice shapes for asemi-infinite plate and a stagnation flow are discussed. 
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CHAPTER 2. A COMPARISON OF LAMINAR SUBSONIC, 
SUPERSONIC AND TRANSONIC BOUNDARY LAYER FLOW PAST A 
FLAT PLATE 
Accepted for Publication in AIAA Journal 
S. P. Octal '2 and A. P. Rothmayerl,3
2.1 Abstract 
A boundary layer formulation is developed for the low Mach number limit. Self-similar low 
Mach number Falkner-Skan solutions are found for flow past a wedge. From computation of 
both this low Mach number limit solution and the full compressible boundary layer equations, 
it is shown that laminar transonic boundary layer flow past a constant temperature flat plate 
may be accurately calculated using the simpler low Mach number limit solution. 
2.2 Introduction 
Compressible boundary layers have been extensively studied for a variety of applications 
from flat plates to swept wings and for subsonic Mach numbers to hypersonic Mach numbers. 
For low subsonic Mach numbers, it is often possible to assume incompressible flow. Hypersonic 
boundary layers at high Mach numbers generally involve strong interaction and strong viscous 
dissipation in a high temperature, chemically reacting flow and require a more detailed set 
of equations. For transonic and supersonic flows, however, the boundary layer equations are 
1 Graduate student and Professor, respectively in Department of Aerospace Engineering &Engineering Me-
chanics, Iowa State University 
2Primary author 
3Author for correspondence 
5 
reasonably accurate, though changes in viscosity and thermal conductivity within the boundary 
layer must be taken into account. 
In previous computations by other authors, the compressible boundary layer equations 
have been solved with a variety of approximations. The viscosity-density parameter p~.c/peace
appearing in the transformed boundary layer equations is computed using Sutherland's law, 
the power law or a linear law. In some studies, the coefficient of proportionality for the 
linear law or the exponent in power law is such that the parameter p,u,/puce is approximately 
constant, where e denotes the edge conditions in the boundary layer (see Crocco(5), Hantzsche 
and Wendt (6) , Levy (7) , Chapman and Rub esin (8)) . In addition, using a range of values of 
the exponent w in the power law (Dewey and Gross(9)) or Sutherland's law (Van Driest (10) ) 
allows this parameter to vary within the boundary layer (also see Cohen and Reshotko (11) , 
Li and Nagarnatsu (12) , Back and Cuffel (13) , Kaups and Cebeci (14) , Smith and Clutter (15) . ) 
More recently, Moraes et al. (16) (also see Toro et al. (17)) gave a complete solution of the 
boundary layer equations, while incorporating change of viscosity using Sutherland's law. In 
the current study, as in Moraes et al.(16) and Van Driest, (10), a Sutherland's law for viscosity 
is used along with the ideal gas assumption. In this study, the boundary layer equations 
are solved, fully accounting for the change of viscosity and thermal conductivity within the 
boundary layer. The exact solution obtained from this computation is used for a comparison 
with simpler subsonic low Mach zlumber solutions. 
In contrast to solving the full compressible boundary layer equations, it is possible to 
use an asymptotic approach to simplify the equations. It has been studied by Herwig(18) 
and Gersten and Herwig(19). As mentioned in Schlichting(20), this approach uses a Taylor 
series expansion of properties such as density at the free-stream temperature. The zero-order 
solution for this approach is the constant property incompressible boundary layer. The higher 
order solution includes the effect of changes in Prandtl number and Eckert number. The Eckert 
number Ec = U*2 / (cpT *) reduces to (~y — 1)1VI~ for ideal gases. Additionally, Herwig(21) gave 
solutions for wedge flows using an asymptotic approach with two perturbation parameters, the 
first being the Eckert number and the second a heat transfer parameter. The heat transfer 
parameter is ~ _ (Tw — T *) /T * for constant Tw . 
In the current study, an alternate asymptotic formulation is developed for the boundary 
layer equations at low subsonic I~~Zach numbers for aircraft icing where the wall is assumed 
to be at a constant freezing temperature for water see Rothmayer(4)) . A perturbation pa-
rameter, the free-stream air temperature perturbation `J,, is introduced at low subsonic Mach 
numbers, where boundary layer heating due to viscous dissipation is comparable to free-stream 
heating/cooling. Using this parameter for expansions of basic flow quantities, such as density 
and temperature, the boundary layer equations are thezl reduced to incompressible bound-
ary layer equations for momentum at zero-order and higher order equations for temperature. 
Both non-similar and self-similar boundary layer equations are given, along with self-similar 
Falkner-Skan solutions. Since this perturbation is related to Mach number due to the assumed 
relationship between boundary layer heating and free-stream heating/cooling, it is possible to 
include the effect of both perturbation parameters used by Herwig(21) in properties such as 
density. It is shown that this asymptotic formulation for low l~lach number subsonic boundary 
layers yields accurate results for transonic compressible boundary layer flow past a flat plate. 
Since the subsonic formulation is much simpler than obtaining transonic boundary layer solu-
tions by direct computation, it is suggested that this low 1Vlach number formulation for the flat 
plate may be used as a simplified test case for computational fluid dynamics and flow stability 
analysis . 
2.3 Boundary layer equations 
Starting from the dimensional Navier-Stokes equations, the boundary layer equations are 
obtained using boundary layer scalings which are based on free-stream Reynolds number. The 
resulting equations are usually expressed as a continuity equation, an x-momentum equation 
and an energy equation. The energy equation may be expressed in terms of temperature or 
total enthalpy. The form involving the total enthalpy is used in the current study. 
For the Prandtl boundary layer, the momentum equation is (Schlichting(20)) 
p ~UUs ~ VUN ~ = PeUeUels~ + ~l-~UN~N• 
7 
The energy equation in total enthalpy form is given by 
p(UJS +VJN ) _ \fit ~1 - 
Pr./ \ 2~/ ~v/ 1v + \Pr ÌNl ~v 
where s is the arclength along the surface, n = Re —1 ~2 N is the boundary layer cooz•dinate 
normal to the surface, p is the density, and U and V az•e the stream-wise and wall-normal 
velocities, respectively, within the boundary layer. The total enthalpy is expressed in terms of 
the temperature and velocity as follows 
=  1  T 1  U~. J 
- 1 M2 + 2 C~ ) 
The boundary layer equations are transformed into the Levy(7)-Lees(22) variables (also re- 
ferred to as the Lees-Dorodnitsyn transformation, see also Illingworth(23), Stewartson(24), 
Howarth(25) and Dorodnitsyn(26), and Anderson(27)) 
s U  N 
= pe~eeUeds ~ = 
e 
pdN. 
o 2~ o 
Using astream-function ~ _ ~/2~ f (~, r~) similar to the Gortler variables in incompressible 
boundary layers (Schlichting(20)), the ratios of the strearn-wise velocity and the total enthalpy 
within the boundary layer to the same quantities at the edge of the boundary layer may be 
expressed as 
f~~~, ~) = U e 9 ~~~ ~l) = e 
Since the total enthalpy is constant everywhere outside the boundary layer, and both the 
velocity and the temperature may be taken as unity in the free-stream, the total enthalpy at 
the edge of the boundary layer may be written as 
1 1 
J e = +-. 
('Y - 1) M~ 2 
8 
The boundary layer equations written in the Levy-Lees variables then become (Schlichting(20)) 
and 
where 
r 2 / \ 1 
P g,~ + C J e I 1 — P r I f~ f,~~J -~ f g~ = 2~ ~.~~9~ — 9nf~~ > L ~ \ / ~ 
p/.~ 2~ dUe 
C=  ,~_ 
/~e%~e Ue d~ 
(2.1) 
(2.2) 
These equations are valid for subsonic, transonic and supersonic Mach numbers. At the wall, a 
fixed temperature or a heat transfer rate may be specified. At the edge of the boundary layer, 
Te and Ue vary along the arclength. 
2.4 Low Mach number solutions 
A self-similar Falkner-Skan solution of this problem may be found at low Mach numbers (see 
Rothmayer(4)). In this limit, the airflow is assumed to be a low Mach number flow (M~ « 1) 
at approximately constant temperature. This implies that the flow is incompressible at leading 
order. In addition, it is assumed that the Mach number heating is comparable with free-stream 
temperature perturbation ~, i.e. 
M~ _ ~2oo`rl/2, (2.3) 
where the temperature at the wall is expressed as Tw = Twall /T~ _ [1 -}- OT * / Twall ] —1, and 
the temperature perturbation is defined to be 
OT* I Too — T wall I I 1 — Tu, 
J̀ " _  * _ * _ 
T wall wall Tw 
(2.4) 
9 
Since the dimensional temperature change is small, the perturbation ~ « 1. A limit solution 
is sought as ~ —~ 0. The edge temperature of the boundary layer is given in terms of the edge 
velocity of the boundary layer UP by 
1 
2 
In this limit, the stream-function expansion within the boundary layer is found to be 
and the density and temperature expansions are 
The resulting boundary layer equations are 
~N~sN — ~s~NN = UeUe(s) + ~NNN 
and 
~NTs — ~sTN — (~' — 1) moo ~ — ~NUeUe(s) + ~NN~ + pr -1 TNN• 
The above equations may be rewritten using Gortler variables 
/'S 
~ = J Ue~s)ds ~ — ~ 




with the following boundary conditions f (~, 0) = f,~ (~, 0) = 0 and f,~ (~, oo) —~ 1. Likewise, the 
energy equation reduces to 
PrT~n + .~7~ + ~'Y — 1) ~~Ue ~.~~,~ — ,~f~] = 2~ C~~T~ — T~~~l 
with the boundary conditions T (~, 0) _ ~ 1 and T (~, oo) ~ ~ 21 m~ (1 — Ue) . The upper/lower 
sign for the wall boundary condition refers to the free-stream temperature above/ below the 
wall temperature. The temperature field is decomposed into the zero Mach number solution 
and the contribution at higher subsonic Mach numbers, i.e. 
T = ~ [e(~~ ~7) — l~ + y 2 1 moo ~e~~~ ~7) — Ue h~~~ ~l)~ . (2.9) 
The energy equation is rewritten using the above linear decomposition for temperature, and 
the two "temperatures" e and h satisfy 
Pr —lei  -~ ,f'e,~ = 2~ [f~e~ — f~e,~] , (2.10) 
with boundary conditions e(~, 0) = 0 and e(~, oo) = 1, and 
Pr-1 h„~~ + f h~ — 2,C3 fa h — 2 L~~~ — ~fn~ + 2~ ~.f~h~ — ~~h~~ , (2.11) 
with boundary conditions h(~, 0) = 0 and h(~, oo) = 1. 
Self-similar Falkner-Skan solutions for the above equations may be obtained for flows past 
wedges, where the inviscid solution is Ue = Ueos~~~ 2— ~~ and the boundary layer coordinate 
and the stream-function are 
~_ Ue0 2—~3 s 
~~-1)~~2—~) 
Here ,~ is the standard pressure gradient parameter. The stream-function satisfies the well 
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known Falkner-Skan equation 
,f~,~,~ + f f~~ + ~3 [1 - f~~ = 0 (2.12) 
with f (0) = f~(0) = U and f,~(oo) ~ 1. The temperature split (Eq. 2.9) becomes 
T = ~ ~e~~l) - l~ + y 2 l moo [e~~1~ - eos2a/(2-~)h,(7~)] . 
The two functioxis e and h now satisfy 
Pr-l e~~ + f e~ = 0, (2.13) 
with boundary conditions e(0) = 0 and e(oo) = 1, and 
Pr-lhnn + f h~ - 2~.~~~ = 2 Lf~~ - ~f~~ ~ (2.14) 
with boundary conditions h(0) = 0 and h(oo) = 1. The skin friction and heat transfer coeffi- 
dents for the self-similar solution are found to be 
and 
Ue0 
U e~  s(ZQ-1)/(z—Q) 
f~l~~~) 2-~3 
Ue~  s(a-i)/(2-~) 
2-/~ 
x L~e~(0) + y 2 i mp [e~(0) - U os2
al(2-a)
h~n(0),J . (2.15) 
The solutions of the Falkner-Skan equation and the energy equation are shown in Figs. 
2.1 through 2.5. The skin friction is compared with the results from White(28) and Davis 
et al. (29) . A grid size study is shown in Figs. 2.1, 2.3 and 2.5. Each of these three figures 
is a plot of both a coarse and fine grid solution. The Prandtl number is taken to be 0.72. 










Figure 2.1 Wall skin friction parameter with Pr = 0.72. The plotted curve 
is both the coarse and the fine grid solutions. The circular 
symbol (o) represents data from White(28) for the upper branch 
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Figure 2.3 Wall heat flux parameter of the self=similar temperature func-
tion e with Pr = 0.72. The plotted curve is both the coarse and 
the fine grid solutions. 
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Figure 2.5 Wall heat flux parameter of the self-similar temperature func-
tion hwith Pr = 0.72. The plotted curve is both the coarse and 
the fine grid solutions. 
for the lower branch. As ,~ decreases from 1 to -0.1989 on the upper branch, the boundary 
layer thickness increases. On the lower branch, part of the boundary layer is separated. The 
separated region grows as ~ ~ 0. Both the temperatures e and h show an increase in the 
thermal boundary layer thickness as the flow becomes more separated (Figs. 2.2 and 2.4), 
accompanied by a decrease in the heat flux at the wall at fixed Mach number(Figs. 2.3 and 
2.5). Adverse pressure gradients affect the temperature h more strongly than the temperature 
e, as seen in the sharp increase for the temperature h near the wall (Fig. 2.4) . Note that 
the heat flux at the wall for the temperatures e and h is positive for all ,C3 and the heat flux 
approaches 0 as ~ ~ 0 along the lower branch for the fully separated boundary layer. 
2.5 Validation using high Mach number solutions 
Numerical solutions are found for the following finite Mach number self-similar boundary 
layer equations for flow past a flat plate. 
(2.16) 
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rC Ue / 1 — 0. Pr y + C J  1 — ~r ~ f~f~~] + f 9n L e \ / ~ 
(2.17) 
Viscosity is calculated using Sutherland's law and density is calculated from the relation p eT~ _ 
pT . This approach fully accounts for changes in viscosity and density within the boundary 
layer. For the flat plate, Ue = 1 and Te = 1. J e is constant for a given Mach number. A second 
order accurate Crank-Nicolson method is used to solve Eqs. 2.16 and 2.17 (Tannehill(30), also 
see Blottner(31)). 
The edge temperature Te and wall temperature Tw aY•e taken to be fixed. The Prandtl 
number is taken to be 0.72 and the temperature T~ is given by 
T~=[T — Tw~~ITe -7 'w ~ ~ 
The effect of viscous heating within the boundary layer is evident in the temperature T~. The 
velocity profile shows insignificant, change with an increase in Mach number upto ~~1~ = 1.5. 
The zero Mach number solution is taken from Eqs. 2.12 through 2.14 with m~ = 0. 
In order to check the validity of the computations, a comparison is made with a case 
where Tw = Te, Te = 217.67K and Pr = 0.75 (see Van Driest (10)) . It is understood that, 
the calculation being done for laminar compressible boundary layers does not account for 
the effects of turbulence or the viscous/inviscid hypersonic boundary layer interactions at 
high Mach numbers. The primary objective of the comparison is to validate the numerical 
calculations. 
In order to go from the Levy-Lees variables of Eq. 2.1 and 2.2 to the physical coordinate, 
the inverse transformation N = (~/2~/ Ue) fo (1 / p) dry is used. For the flat plate, pe = 1, ~.ce = 1 
and Ue = 1, and this implies that ~ = f 'o pe ~Ce Ue ds = s . Thus the inverse transformation for 
the physical coordinates is (Hamilton (32)) 
0 
Using these inverse transformations, the calculations for velocity and temperature are 
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Figure 2.6 Velocity in physical coordinates with Tw = Te, Te = 217.67K, 
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Figure 2.7 Temperature in physical coordinates with Tw
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Figure 2.9 Temperature for constant and varying viscosity-density param-
eter with Tw = Te, Te = 217.67K, Pr = 0.75 at s = 1. 
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well with those of Van Driest (10) . The change of the viscosity-density parameter across the 
boundary layer is shown in Fig. 2.8. It may be observed here that the viscosity-density param-
eter does not change more than 10°~o for the lower Mach numbers. Thus, in Eqs. 2.1 and 2.2, 
the viscosity-density parameter, C, may be assumed to be equal to 1. Fig. 2.9 shows that for 
Mach number equal to 4.0, the differences in the temperatures profiles are not significant. For 
Mach number equal to 8.0, these differences are significant. A similar behavior occurs for ve-
locity. This implies that for cases corresponding to higher Mach numbers, the viscosity-density 
parameter, C, should be included in the calculations. 
2.6 Comparison with low Mach number solutions 
A comparison is made between the finite Mach number transonic boundary layer• calcu- 
lations and the low Mach number asymptotic equations for ~" « 1. The formal connection 
between the two solutions may be shown using the expression for the temperature inside the 
boundary layer (Eq. 2.5) and the relationship between the NTach number and the temperature 
perturbation (Eq. 2.3). The ratio of the total enthalpy to the total enthalpy at the edge of the 
boundary layer then reduces to 
where g = [T — 2 (ry — 1) m~ ~l — Ue f~~, . Using this expansion, the energy equation (Eq. 2.2) 
for the non-similar compressible boundary layer becomes 
[pr7'n] + f 7'~ + ~'Y — 1) mooUe ~f~~ — Qf~~ — 2~ (f~T~ — T~ f~) . (2.18) 
This equation is identical to the transformed temperature perturbation equation (Eq. 2.8) de-
rived from Eq. 2.6 when the Prandtl number is constant. Using the temperature decomposition 
for the non-similar boundary layer (Eq. 2.9), this equation reduces to Eqs. 2.10 and 2.11 and 
ultimately to Eqs. 2.13 and 2.14, when using aself-similar approximation. 
The heat transfer coefficient at the wall for the finite Mach number self-similar problem 
19 
may be written as follows 
CH = qu,= (2.19) 
The results computed for the transonic boundary layer are compared to the heat transfer 
coefficient computed from the low Mach number self-similar solution (Eq. 2.15), which takes 
the following form for flow past a flat plate 
CH = qw = TN(s, 0) _ ~2s ~fe~~~) + y 2 l moo ~en~~) — 
h~n~~)~J 
. (2.20) 
The comparisons of the heat transfer coefficients (plotted as ~/2sCH) are shown in Fig. 2.10 
and Fig. 2.11. The actual heat transfer coefficient is obtained by multiplying Eq. 2.19 with 
~Te — Tw ~ . The dimensional wall temperature is fixed at 273.15 K. The dimensional temper-
ature at the edge of the boundary layer is expressed in terms of the wall temperature and a 
dimensional temperature difference OT*, as Te = T~ = 7 wall — OT* for the flat plate. The 
air temperature perturbation ~" is computed using the definition of Eq. 2.4. As the factor m~ 
increases, the Mach number (Eq. 2.3) increases for a fixed air temperature perturbation. The 
heat transfer coefficient increases along with the increase in Mach number. In Fig. 2.10, the 
heat transfer coefficient is shown with changing m~ and is divided into two regions, the first 
region with M~ < 1 and the second with 11~1~ > 1 (the dividing Mach number at M~ = 1 
is identified by a darkened symbol) . In all cases, it may be seen that the darkened symbol at 
M~ = 1 is very close to the low Mach number solution for heat transfer. Similarly, in Fig. 2.11, 
the curves for heat transfer coefficient are divided into differezlt regions, the first region with 
M~ < 2 and the second with M~ > 2 (the dividing Mach number at M~ = 2 is identified 
by a darkened symbol) . Considering Figs. 2.10 and 2.11, it may be seen that the darkened 
symbols for the Mach numbers dividing the low and high Mach number heat transfer curves 
are gradually moving away from the solution for low Mach numbers, as the Mach number 
increases. However, this change is small even at 117 = 2, and the heat transfer predicted from 
the low Mach number solutions may be used without much loss of accuracy. This is consistent 
with the observations of Herwig(21) that an asymptotic theory using perturbation parameters 
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Figure 2.10 Comparison of the wall heat transfer of the transonic calcu-
lations with the low Mach number limit solution. Note that 
the darkened symbols show the location of the 11~1~ = 1 point 
on the computed transonic heat transfer curve for the given 
dimensional temperature difference OT* . Twall = 273.15K, 
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Figure 2.11 Comparison of the wall heat transfer of the transonic calcu-
lations with the low Mach number limit solution. Note that 
the darkened symbols show the location of the M~ = 2 point 
on the computed transonic heat transfer curve for the given 
dimensional temperature difrerence OT* . 7'wall = 273.15K, 
Te = T~ = T wall — OT*. 
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CHAPTER 3. BOUNDARY LAYER ICING 
For modeling the ice accretion over a surface, it is necessary to consider various effects 
such tie airflow over the surface, the deposition Of water and the possibility Of surface water 
transport. The airflow over the surface contributes to both the shear stress and the heat flux. 
Depending on the mass accumulation of water over the surface and the heat flux in air and on 
the surface, it is possible to have a complete freezing of the water. This results in the formation 
of rime ice. Glaze ice on the other hand, involves the formation of a water film over an ice 
surface. Some icing models include a model for mass balance with equations for the transport 
Of water over the surface and heat transfer at the surface, while others such as the Messinger 
model (1) , only account for a surface energy balance. 
In the low Mach number Prandtl boundary layer icing theory (Rothmayer(4) ), an asymp-
totic formulation is used to construct boundary layer equations in Navier-Stokes equations. 
The derivation of the thickness Of the water film for this theory is consistent with the mea-
sured film thickness in the experiments of Feo(33) and suggests a 
LWC1~2Re-1~4 
scale. This 
chapter focuses on the derivation of the Feo film scaling in the context of a boundary layer 
model, the role of droplet trajectories in setting the Feo film scaling, and the ice structures 
that emerge from surfaces wetted by such thin films. The role of evaporation, condensation 
and sublimation is not included in this model. This asymptotic model is similar to the previ-
ous models such as Myers (2) . Much of the discussion that follows is primarily a summary Of 
the low Mach number boundary layer icing theory (Rothmayer(4)) set in the context of the 
transonic model under consideration, and the reader is referred t0 that work for further details. 
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3.1 Basic assumptions 
The Navier-Stokes equations are non-dimensionalized with respect to the free-stream condi-
tions. Assumptions are made with regard to a few key parameters such as the relation between 
Mach number and free-stream supercooling in Eq. 2.3. As in case of many multi-phase flows, 
the relationships between the ratios of air and water• density, viscosity and thermal conduc-
tivity influence significantly the behavior of the water film. Considering this, it is assumed 
that 
It/1 = ~1/CDawl2 , 
1/2 
k wa D aw 
X3.1) 
(3.2) 
where Daw = poo ~pwater « 1 is the air to water density ratio. 1~7 and Ku,a are the water 
to air ratios of viscosity and thermal conductivity. PVC and ~C are film inertia parameters 
(defined by Eqs. 3.1 and 3.2). One justification for this assumption is that the relations for 
M and Kwa (Eqs. 3.1 and 3.2) are valid for most icing conditions (Rothmayer (4)) . It should 
also be mentioned that parameters such as the Reynolds number Re, Daw , the liquid water 
content LW C, and the temperature perturbation ~ play an important role when comparing the 
magnitude of various terms in the Navier-Stokes equations and in constructing the boundary 
layer model. 
3.2 Equations for the boundary layer icing model 
In the boundary layer model, the water film is driven by the shear stress from the air. So 
the velocity scales inside the water film are dictated by the air shear stress, i.e, 
1/2 1 
uwater ~ wwater ^J Re 1111 h film 
1/2 1 2 
vwater ^J Re M h, film (3.3) 
where the Rel/2 scale comes from the boundary layer scale for the airflow velocity derivatives, 
M is the ratio of non-dimensionalized viscosities of water and air and h f ilm is the height of 
the water film. Further, it is assumed that the droplets impact uniformly on the surface of 
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a film which wets the airfoil/ice and they add mass to the film in a ttrliform and continuous 
manner (which is a standard assumption for icing models). This mass accumulation in the 
water is modeled by an increase in film t~iickness. The rate of mass transport within the water 
film is considered to drive the film height scale. Using the assumption that the velocity in the 
water is set by the shear• stress of air as mentioYied in Eq. 3.3, the film height scale is found to 
be puwaterA = /water (Rel/2M-1 h f ilm. )h f ilm. ~ where h, f il,-,-z is the film thickness. The mass flow 
rate puwaterA balances the mass accumulation due to the liquid water content, LW C. The 
film thickness scale is then found to be 
h-film = 
LWC1/2Re-1/411/2 
Using Eq. 3.1, the film thickness becomes 
water = LWCl/2Re-1/4Daw /4F'water ~ 
(3.4) 
where Daw is the ratio of non-dimensional densities of air and water. The above scale for the 
thickness of the water film has been shown to be in agreement with the experimental results of 
Feo (33) by Rothmayer (4) . The length scales in the streamwise and cross-streamwise directions 
are x, z ~ 1. The length scale in y direction and the time scale are found to be 
= LWCl/2Re-1/4Daw/4Y t = LWC -1/2 Re-1/4 D aw /4T 
respectively. Using the above parameters, the dependent variables inside the water film are 
found to be 
(u, w, v, p) ~ (LWCl/2Rel/4Daw4U, LWCV, LWCl/2Rel /4Da~4W, P) ~- . . . 
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For the condition LWC « Re-1~2Daw~
2 
(Rothmayer(4)), the film is governed by a shear 
driven Couette flow, with 
~ ~U ~ a aW~
/-water (s, ~) _ ~ ~-water (s, ~) _ ~. 
c~Y ~Y / aY ~Y ~ 
Since the water film is very thin, large perturbations in the air do not significantly affect the 
temperature in the water. In other words, the temperature everywhere inside the film is close 
to freezing. This implies that there is no change in viscosity and ~ air ^~ water ^~ 1. The 
force balance at the air-water interface in the normal direction implies that Pair = Pwater 
Considering the force balances for the water film along the pressure continuity, the shear stress 
in water is related to the air shear stress as 
aU o~U 
PVC   = 
aY  water ~Y  -air 
PVC 
c~W aW 
- aY water ~Y air 
The Couette flow in the water film is solved with the forcing from the above shear stress in 
airflow. The film thickness is then governed by a kinematic condition which, after using the 
scaling for velocities, film height and time, yields 
L~T Csur f ace ~Fwater ~F'water ~Fwater 
V ~-- I v2,drop I = + U + W ~ 
LWC aT d s az 
(3.5) 
where LWC is the free-stream liquid water content, LW Csur face is the liquid water content 
impacting the surface, ~ V2,drop ~ is the velocity of the impacting water droplets normal to the 
ice surface and U, W are the streamwise and cross-streamwise velocities respectively. The 
second term in the left hand side of Eq. 3.5 is related to the collection efficiency ~ by 
LW Csur f ace I V2,drop (= LW C,~. Here, ~ = dA~ /dAsur f ace = d~~ /ds . The heat transfer 





LWC ~Twater — Timpact~ ~~ (3.6) 
~~ water /~a2r aw ~%aw 
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where the first term is the heat flux from air and the last term accounts for heat addition 
due to droplet impact. Twater is the non-dimensional temperature of the water and Ti,-,-Lpact 
is the temperature of the impacting water droplets, usually considered to be close to free-
stream temperature. The above expression for heat transfer inside water is derived for single 
size droplet distributions. Foz• more general droplet distributions, the collection efficiency is 
expressed by a, mass average ,~ and the terms, such as the droplet impact term, are replaced by a 
corresponding average (Rothmayer (4)) . For the present study, a single sized droplet distribution 
is assumed. The thermal boundary condition on the ice surface is the Stefan condition, which 
reduces to the following equation in the y direction evaluated at the ice/water interface, i.e. 
aT
~~ water 
dice ~7 ' 
kiw 
water ~~ ice 
RePr _ 1 dice 
 Ste LW C 
/-fair k wa Daw cai dt 
X3.7) 
The second term on the right hand side of Eq. 3.7 refers to the rate of ice accretion. Along 
with various parameters such as LW C and Re, the phase change is controlled by the latent 
heat of fusion, represented in the non-dimensional Stefan number Ste. The freezing of the 
water is accompanied by an expansion due to the density differences between ice and water. 
The Stefan condition controls the growth rate of the ice, with the heat fluxes on the both side 
of the interface as inputs. Because of the way the equations for heat transfer appear within the 
boundary layer problem, it is possible to solve for the heat flux within the water independent 
of the ice growth. 
3.3 The Prandtl boundary layer icing parameter space 
The temperature of the water can be expressed in terms of a temperature perturbation, 
~ (Chapter 2) . In terms of this temperature perturbation ~, T freezing = 1 ~ ~ ~ 0 (~'
2 ) 
where the upper/lower signs refer to the free-stream temperature above/below the freezing 
temperature. The water film is considered to be at freezing on the ice surface. There is a 
heat flux balance at the air/water interface. However, the thermal conductivity of water is 
higher than air, such that water » air • This ensures that the thin water film experiences 
small perturbation as compared to airflow and O (1) temperature perturbations in air create 
~7 
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Figure 3.1 Prandtl boundary layer icing parameter space. 
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a much smaller temperature perturbation in water. Therefore, it may be assumed that the 
temperature inside the film is close to freezing and, the temperature expansion in water may 
be written as 
Twate-r 
For most films, the temperature perturbation specific to water is small, i.e. ~w « ~. This 
assumption breaks down for the high LWC case, i.e. h il,-n, ^~ Re —l ~2Da~2, where ~ u, ~ ~. This f 
case is not being considered in the present study. Hence, the heat transfer in water reduces a 
pure conduction problem i.e., 
Ty y = O . 
Further, the ratio of heat conduction coefficient in water and air is considered as in Eq. 3.2. 
The temperature inside the ice may be written as 
Tice l~`J~T~. . . 
Considering the droplet impact terms in the heat transfer for water, the temperature expansions 
become 
Tdrops ~ Timpact '~`J ~ l ,1) ~ `~ Tdrops ~ Timpact + 
where Timpact '~`~ Tdrops -I- ('}' — 1) Cawm~Vdrop/2. It is also seen that the water film contains 
two thermal regimes, one driven by air heat flux and the other driven by droplet impacts. 
The former case appears when the liquid water content is small i.e LWC « Re-1~2Daw and 
the latter for larger liquid water content i.e. Re —1 ~2 Daw «LWC « Re-1 ~2 Daw2 . These two 
effects are in balance at the liquid water content, 
LWC = Re-1~2DawL• 
~g 
For this case, the temperature perturbation in water, reduces to 
~-w ^~ D a/4`~-.
A similar observation can be made for the Stefan condition. For low LWC i.e. LWC 
Re-1~2D aw , the Stefan coriditiori is controlled by a combination of air heat, flux and heat flux 
from the ice, when 
h2cP 
The ice acts as an insulator if h2Ce » Re-1~2Daw/2 • For hig~ier LWC cases i.e. Re-l ~~Daw 
LWC « Re-1 ~2 Da~2 , the corresponding ice height scale is 
bite ^J O(LWC-1Re-l.Daw2 )• 
Considering the rate of growth of water film and ice, it is found that the ice is always rime if 
LWC « Re-1~2 Dau,`J" 
and this limit acts as a boundary for transition between local rime ice and local glaze ice, 
referred to as the Ludlum limit. All these effects are summarized in the icing parameter space, 
shown in Fig. 3.1. The least degenerate point `b' is of particular interest for the present study. 
At this location, all of the above mentioned competing effects are in balance. The equations 
derived from the parameters at this point will include all the required effects and may be used 
for general ice accretion calculations. In addition, the temperature perturbation at this point 
is finite, i.e. ~ ~ 1. Because of the assumed relationship between boundary layer heating and 
the free-stream cooling~lleating in Eq. 2.3, the O (1) perturbation for ~ corresponds to finite 
Mach numbers, i.e. subsonic and transonic flows. Hence, the derived equations can be used 
for transonic boundary layer icing simulations. 
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3.4 Transonic boundary layer icing 
The parameters for the least degenerate case from Fig. 3.1 are used, when deriving the 
equations for the transonic boundary layer icing. As mentioned earlier, these parameters are 
LWC ~ Re-1/2Daw `r ~ 1 ]lice ^' Re-1 /2 Daw 
/2 
• 
Using this value for LWC in the boundary layer• film scaling, the water film height reduces to 
~1 /water R
-1/2 1/4 e Daw Fwater ~ 
and the corresponding time scale becomes 
t ~ Dawl4T. 
The velocities inside the water film are 
~uwater ~ wwater~ ~' Da~4 ~ U, ~~ ~- • • • vwater ~' Re
-1 /2 
Daw V  + 
Considering the Stefan condition and heat conduction in ice for the least degenerate case, the 
time scale within ice is 
t ~ Daul2T. 
The heat conduction inside the ice is unsteady on this time scale. The ice growth from the 
Stefan condition also occurs on this time scale. It should be noted that this time scale is slower 
than the time scale for the water film. This implies that the ice growth occurs independent of 
the rate of mass accumulation of water. However, the ice growth is limited by the amount of 
water accumulating on the surface and hence by the water film height scale. This also implies 
that the time scale for• the ice growth is identical to water film time scale. Hence, the height 
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scale for ice may be written as 
ice ^J Re -1/2D awl2F ice,i -~- Re-1~~Da~4Fice,w . . . 
where f 2Ce is the non-dimensional height, for ice, Fice,i is the ice height in the height scale for 
ice at the least degenerate point and Fice,u, is the ice height at the height scale of the water 
film. Inside the ice, ~ = Re-1~2Daw~~Y• Similarly, the water film height may be written as 
water ~' Re-1/2Dawl2Fice,i -~- Re-1~2Da~4Fwater . . . 
where Fwater is the scaled water film height. The corresponding length scale and the time scale 
for the water film are 
= Re-1~2Da~4Y t = Daw~4T. 
For constructing the equations at the least degenerate point `b' in the icing parameter space, the 
liquid water content is taken to be LW C = Re —1 ~2 Daw L. For a single size droplet distribution, 
the scaled heat flux inside the water film may be written as 
= 
Pr 
T~ ~ 1 L ga2r ~   Zmpact ~ ~ 
~%aw 
water 
where gain is the heat flux from air. The expression for the heat flux in air using the Falkner-
Skan solutions (Chapter 2) may be used for the flat plate. It may be expected that this 
expression can also be used to a limited extent for other wedge flows such as stagnation flow, 
though transonic efrects are likely to alter these flows more than the flat plate. Since the ice 
length scale is taken to be similar to the water length scale for early glaze ice, there is an 
influence of the ice height on the water film shape. The Couette flow inside the water film and 
the kinematic condition on the surface of the water film are combined to construct the film 
(3.8) 
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equation which is 
~Fwater ~ 1 ~U ~ F 2 c~ 1 / d W \ F2
OAT COX PVC ~Y /air  2 ~Z ~1/~ ~ ~Y /air 2
where F = Fwater — Fice,w• Using the tulle scale of the water film and the expansion for the ice 
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P D ~ k 
iw 
aY ra,2r zw water 
~ ~7' 
dY 
ice ~ water 
~3.io) 
The change in density due to freezing causes the water to expand and results in an increase in 
height. This is represented in the ice/water density ratio Diw in Eq. 3.10. The film equation 
may be written for two-dimensional case as 
~Fwater a 
aT + ~x ~ ((~Y)air 22 J 
L~ (3.11) 
The above equations are scaled using the height and temperature pertuz•bation scale. The 









is given by Eq.3.8. Hence, the actual non-dimensional ice growth is given 
aFice,w 
OAT 
~%ai /-fair Ste ice 
Kiw xgice — gwater 
Prair Diw gwater 
(3.13) 
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Air Contact line 
Tairfoil — 1  + Tairfoil + 
Figure 3.2 Representative scales for the least degenerate point in icing pa-
rameter space. 
The heat flux through the water film gwater is given by Eq. 3.12. The heat flux through the 
ice is given by 
x
Bice = ~ 1 — Tairfoil  ~ Tice (3.14) 
where x = Re-1 ~2 Daw 
~2 H2Ce is the height for ice and f ice is the current non-dimensional ice 
height. In the present case, surface tension becomes a higher order effect and hence does not 
appear in the main film equation at the leading order. It appears, however, at shorter length 
scales and is discussed in the subsequent section 4.3. Since surface tension is absent, the water 
film has the possibility of shock formation. As opposed to the non-asymptotic models used 
in ice accretion codes which include the surface tension terms, the film equation 3.11 is much 
simpler. Using Eqs. 3.11 and 3.13, the water film and ice shapes may be computed for a 
number of different cases. It should be noted that all quantities are being computed on the 
Daw~4 
time scale for the water film. These equations are valid for transonic as well as high 
subsonic Mach numbers. 
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CHAPTER 4. COMPUTATIONS FOR BOUNDARY LAYER ICING 
Ice accretion on aerodynamic surfaces requires the computation of water film transport 
along with the the rate of ice growth from a Stefan condition (see Chapter 3) . As emphasized 
by many authors (such as Myers (2)) , the calculation of the water film surface is a critical 
part of ice growth computations. In this chapter, the surface transport Of water is computed 
and the resulting water film height is compared with the rate of ice growth from the Stefan 
condition. This comparison is necessary, because the available water on the surface limits the 
rate of ice growth. The thinness of the water film also implies that the water film should 
be computed accurately and with minimal numerical oscillations. Hence, higher order non-
oscillatory numerical schemes are used for this computation. 
In many common icing codes, alubrication-type equation is used for the film equation, 
and this includes the effect of surface tension. In such cases, while it becomes necessary to 
capture the effect of surface tension numerically, there is no shock formation in the water film. 
In the current study, the equations derived for transonic boundary layer icing d0 not include 
the effects of surface tension, which becomes a higher order effect for the O (1) length scale 
in streamwise or cross-streamwise directions. Therefore, tie water film allows the possible 
formation of a shock. Hence, the numerical schemes should be chosen accordingly. Riemann 
solvers (discussed in many texts such as Toro (34) , Hirsch (35)) can b e used for solving the 
equation for the water film along with TVD time stepping. The class of non-oscillatory schemes 
such as ENO sdlemes first proposed by Harten et al. (36) are often used for such problems. 
Extending the ENO schemes, the WEND schemes use non-linear weights in the computational 
stencil instead Of choosing the locally smoothest stencil across discontinuities. Finite difference 
WEND schemes are the simplest Of this class and are used here. 
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4.1 Numerical schemes 
In the current study, higher order finite difference WENO schemes are considered for the 
computation of the water• film. Such schemes are described in detail by Jiang and Shu(37) . 
The equation for the water film in two dimensions play be written as 
aFwater ~~ 
~T ~h 
where the flux term is f = 1 /PVC (aY U) air F 2 /2 and F = Fwater — Fice,w • The ice height on 
the water film height scale may be used as a guess value. So the water• film can be solved, 
uncoupled from the Stefan condition for the ice growth at a current time step. The flux term 
is represented as 
~~ ~i-x-1/2 — ~i-1/2 
o~X OX • 
Considering a third order finite difference WENO scheme, the flux at i-~--1 /2 is written as 
~i-~l/2 — w1J2-~1 2 + w2J2-f-1 2~ / / 
with the functions f +l/2 and f +1/2 defined as 
1 1 3 2 1 1 
~i.+ 1 / 2 = — — ~i —1 + — f i ~ ~i ~-1 / 2 = — ~i + — ~i-i-1 2 2 2 2 








where 'yl = 1~3,ry2 = 2/3, a l = (fi — fi-1)2 , and a 2 = (fi+l — fZ)2 . Further discussions on 
the WENO scheme can be found in the Appendix. For time stepping, the third order TVD 
3G 
Runge-Kutta scheme may be used which is written as 
~(2) 
2Ln+ 1
_ '1tn~ -~ Ott (2Gn ) , 
4 + 4 + 4 
= 1  2Ln 2  u(2) 
2 
Ot~ 2.c(2)3 + 3 + 3 









Since the WEND spatial operator has more than three points, either (i-2) or (i-~2) points, for 
the third order scheme, are computed using guessed values and a tridiagonal system is solved 
using the points (i-1) through (i-I-1). 
4.2 Boundary layer flow over a flat plate 
The equation for the water film Eq. 3.11 is solved for flow past asemi-infinite flat plate in 
order to generate a comparison with the solution of Nelson et al. (38) which is the boundary 
layer flow with the water film. The shear stress from Blasius solution is imposed on the water 
surface. An assumed collection efficiency is prescribed on the surface as shown in Fig 4.1. For 
simplicity, the parameter L in Eq. 3.11 is taken to be 1. The ice height is set to be zero and is 
not computed. The only solution variable is the water film height. For the case of boundary 
layer• flow over a flat plate, U = ~' (r~) and ~ _ ~Y/X 
1~2 . The total mass flux coming into 
the water film is constant for a fixed collection efficiency ,C3. Hence, the total water mass flux 
coming onto the flat plate may be written as 
1 /' /' 
Q = OtmO Ot f 
Fwater ~t ~- Of~C~~ — J Fv~ater ~t~C~x = J 
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At large x, the velocity within the water film may be expressed as U = 1 /PVC (C~~.~ U) air Y and 
the mass flux in the water may be expressed as 
1 1 /dU 
Q = UdY = 
2 PVC Y ~ ~ air 
The shear stress inside water may be written as 
Y 2
c~U 1 /c~U 1 A 
12' ~Y 
water ~ ~ ~Y air ~ X l
Equating the mass flux from both the conditions, the expression for the film height is found 
to be 
F 'water 
= B~rl/4 (4.2) 
where B = ~2Q/ (A/PVC) . This result, first shown by Nelson et al. (38), is used to verify the 
results from the film computation. The collection efficiency shown in Fig. 4.1 is used for the 
boundary layer flow over a flat plate. It is found that the film equation asymptotes to this curve 
specified by the above matching of the mass flux. Since the parameter B depends on the mass 
flux, it changes for different collection efficiency distributions. The initial film shape closely 
follows the collection efficiency (see Figs. 4.1 and 4.3) . After a certain time, the influence of 
the shear stress from air causes shock formation (Fig. 4.3). It should be noted that the shock is 
formed upstream of the impingement limit for the collection efficiency distribution given here. 
(The impingement, limit is the point beyond which the collection efficiency is equal to zero) . 
The position of this early shock depends on the collection efficiency distribution. If the peak of 
the collection efficiency is away from the leading edge of the flat plate, then the shock develops 
before the impingement limit. However, if this peak is closer to the leading edge of the flat 
plate, then the water film develops a shock at or, close to the impingement limit. Soon after 
crossing the impingement limit, the water film height asymptotes to the BX 1~4 curve specified 
by Eq. 4.2, as shown in Fig. 4.4. Here, the film height is shown on the Re —1 /2 Da~4 scale, as 
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Figure 4.1 Collection efuciency for the semi-infinite flat plate. 




Figure 4.3 Early shock formation for the water film. The arrow shows the 



























Figure 4.4 Asymptotic approach for the water film with the BX 1~4 curve. 
The arrow shows the direction of increasing time. 
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4.3 Contact line 
The previous equations do not consider the presence of surface tension, since the boundary 
layer analysis at the O (1) streamwise/cross-streamwise length scale leads to the result t~iat 
surface tension is a higher order effect. The water film experiences surfaces tension only on 
shorter streamwise length scales. To include the effect of surface tension, it is necessary to 
consider a streamwise length scale O « 1, which is positioned within a boundary layer of 
thickness Re-1/2 . It has been shown by Bogolepov and Neiland that the airflow first reacts 
norllinearly in a condensed layer with a height Re —1 /2 0 1 /3 Here Re is the free-stream Reynolds 
number. Rothmayer and Tsao(40) have shown that a nonlinear water•/air interaction including 
surface tension occurs for a length scale O = Re-9/14~3/7~ where the non-dimensionalized 
surface tension is ~ _ ~*/V~~c~. Using a relation between surface tension and the air to water 
density ratio a- _ ~Daw /~ , this length scale b ecomes O = Re —9/ 14 Daw / 14 . For the present 





are considered. An interaction between the surface geometry and the 
surface tension is found to occur at a critical height Rei/4~-1/203/2 Or Rei/4Daw4Q3/2. In this 
case, the water film is decoupled from the airflow, and reacts to an imposed shear stress. Wang 
and Rothmayer(39) have shown that this approach can be used to reproduce many realistic 
phenomena, such as bead and rivulet formation. The reader is referred to this work for further 
details. 
The temperature perturbation is defined by Eq 2.4. The viscosity and conductivity ratios 
of air and water, M and Kwa are defined by Eqs. 3.1 and 3.2 respectively. The surface tension 
is defined to be 
~ _ ~Dawl2 . (4.3) 
The film height at the contact line should match with the height of the film for the larger 
O (1) length scale for the least degenerate case. Hence, comparing the short scale film height 
h, ~ Rei/4Da~403/2 with the height of the film for the least degenerate case, h ~ Re-1/2Da~4, 
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the length scale is found to be 
It is necessary to compare this length scale with the previously mentioned scale of Rotllmayer• 
and Tsao, i.e. Re-9/14Daw /14 • It is found that the short scale expansions will be valid, if 
Re « Dawl~ . (4.5) 
However, it is possible that the above inequality may not be satisfied for the typical conditions 
of aircraft icing. In this case, the Reynolds number may be expressed as 
Re = Daw l 2 ~.. 
For this critical case, the time scale and the height scale for• the water film are found to be 
t = ~VCT h =Daw .K 
3/4 3/4 
(x~ ?J~ ~) _ (Daw X~ DawY~ Daw Z)• 
and 
The water film and ice heights are 
(water ~ ice) = Daw (Fwater ~ Fice) 
The dependent variables in water are found to be 
(u~ v~ 2u) ^J (Da~4~-1 U, Daw -1 V, D a~4 ~ -1 W) ~ 
p ^.' P B ~- Daw2 P. 
The dependent variables in the air are 
and 
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(u, v, ~~~) ~ (Da!4 U, Da~~V, Da,~4 W ), 
and 
p ^~ P B ~ Da~~ P. 
The temperature and density expansions in the air are found to be 
T ~ 1 ~ ̀ J" -~ `J"Da~4 T ~- . . . 
and 
The change of density of the water is not being considered. The temperature expansion in the 
water is 
Using the above expansions, the x-momentum equation in the air reduces to 
RB [
av au aP _1 a2U 
U aX + V aY ~ — — ax + ~ aye , 
and the x-momentum equation in the water reduces to 
2 ~au aU aU
~ aT +Uax +VaY 
c~P _ , 0~2 U 
~hT aY2 . 
(4.6) 
X4.7) 
The parameter PVC is chosen to facilitate subsequent derivations as well as to conform with 
the derivations of Rothmayer and Tsao(40) . Typical values of PVC are close to 3. Hence, it 
is sometimes possible to use the assumption PVC
-2 
« 1, such that the left side of Eq. 4.7 is 
ignored, and the flow inside the water film becomes Couette flow. It should noted that even for 
the present case with the transonic flow assumption and ~ ~ 1, the temperature perturbations 
do not have significant effect on viscosity and thermal conductivity, because ~" « Daw~4. For 
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the present study, the relation Re « Dau ~ 2 (Eq. 4.5) is taken to short length scales (i.e. thin 
film) such that the airflow decouples from water film and the short scale expansions of Wang 
and R,othmayer(39) may be used. Using these expansions, the time scale and the film height 
scale are 
and 
t = Re-l~~Da~4T h, = Re-1~2Da~4H, 
(x~ ~~ ~) — C.Re-1/2 X~ RP-1/ ~Da!~Y~ Re -1/2 z)• 
The water film and ice heights are written as 
(water ~ ice) _ .Re —1 ~2 Da~4 (Fwater ~ Fice) 
The dependent variables in the water are 
(~ ~ v ~ w) ^J 
(Da~4 
U, Daw ~~ Da~4 ~) 
~ ^~ .Pg ~ Re-1/2Dawl4P. 
and 
Starting from the Couette flow assumption for the water and including the effect of surface 
tension in pressure inside the water, a film equation can be constructed for the water surface. 
The different scales for velocity, time, film height and pressure are substituted in the kinematic 
condition at the water surface and the film equation is found to be 
where 
Fwater ~ 
~T + aX 
~ F 2 1 P  F 3
~ 2 ~ X 3] 
2 
P 
_ _ ~ a Fwater 
X aX 2 ~ 
0 
F =Fwater — Fice 
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Figure 4.5 Water film front on O (1) length scale for constant applied shear 
stress ~/PVC = 0.47. OX = 0.00 ; OT = 0.001. The arrow shows 
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Figure 4.6 Wave speed comparison between the wave speed computed front 









Figure 4.7 Typical water film solution for the contact line with precursor 
film. ~~~ = 0.47. OX = 0.04, OT = 10-5. The arrow shows 
the direction of increasing time. 
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Wave speed computed from the film front 
0.4 — — - Wave speed from Rankine-Hugoniot relation 









-0.50 ~ I ~ ~ I ~ ~ 200 400 
T 
600 800 
Figure 4.8 Comparison of the wave speed at the contact line with the Rank-
ine-Hugoniot relation. 
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the pressure derivative term. In addition, if there is a difference in upstream and downstream 
heights then a wave front develops. The film upstream and downstrean~i heights are defined 
to b e F (— oo) = h, _ and F (oo) = h+ respectively. Since the film height is constant at these 
locations, FX (—oo) = 0 and FX (oo) = 0. It is found that the contact line wave front wave 
travels at a constant speed at C and a transformation ~ = X — CT can be used (see Wang 
and Rothmayer(39)) . Using the transformation, the conditions upstream and downstream of 
the contact line reduce to 
and 
The contribution from surface tension is not present upstream and downstream of the contact 
line. Using these assumptions in the lubrication film equation, the wave speed is found to be 
where ~ = h+ /h,_. The mass flux for the film is given by Q = (~/2~VC)h2. Using this expression 
for mass flux, the Rankine-Hugoniot relation for the wave speed reduces to 
h_ —h+ 2~vC h_ —h+ 2~ 
It is seen that both the above approaches for deriving the wave speed are equivalent. To 
show this match, the water film in the larger length scale is computed in the presence of 
constant shear• stress (Figs. 4.5 and 4.6) . The lubrication equation is also computed with 
the same shear stress (Figs. 4.7 and 4.8) . A Crank-Nicolson implicit method is using for 
computing the lubrication equation. It is assumed that a precursor film is present downstream 
of the wave. The speeds obtained from both the cases are compared. It is seen that both the 
wave speeds approach the wave speed from the Rankine-Hugoniot relation. This implies that 
the wave speed is affected only by the upstream and downstream film height and there is no 
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contribution from surface tension. Hence, the simpler film equation in the longer O (1) length 
scale can be used to compute the water film shape without computing surface tension at the 
contact line for a precursor film assumption. 
4.4 Water film and ice growth computation 
The computation for the water film is done using the schemes mentioned in Section 4.1. 
The water film is computed with the ice height as a knov~Tn value in Eq. 3.11. The ice height 
is then computed using the equation for actual ice growth Eq. 3.13. The non-dimensional ice 
height is updated using this Height computed at the water film scale. This updated ice height 
is then used for computing the heat conduction for the next time step. The parameter H2Ce
(in Chapter 3) is taken to be 0.01 and chosen to conform with the common ice heights of a few 
millimeters. A larger value of this parameter increases the effect of heat conduction and thus, 
should be chosen correctly. These heights are used for the computation of the water film arld 
rate of ice growth at the subsequent time steps. For the Crank-Nicolson scheme, the weights 
for the WENO spatial scheme (Section 4.1 and Appendix) may be taken from the previous 
time level. This reduces the time needed for the computation of the weights and keeps the time 
for the Crank-Nicolson scheme comparable with that of the TVD Runge-Kutta scheme. The 
resulting film height does not significantly differ from the film height computed using the TVD 
Runge-Kutta scheme. However, larger time steps may be used for Crank-Nicolson scheme, 
thereby reducing further the overall time for the computation. 
Various input parameters are used, such as the temperature in the free-stream, the Mach 
number, the non-dimensional air-water density ratio (Da,~,) and the characteristic length, e.g. 
the nose radius of curvature for the airfoil. For a NACA 0012 airfoil, the nose radius of 
curvature is 1.58 °~o of the airfoil chord length. These parameters are then used to compute 
the viscosity, the velocity and Reynolds number in the free-stream, as well as other parameters 
such at the ice and water film height scales. Both the time scale for non-dimensionalisation 
and the time scale resulting from the Feo film scaling are used to translate to dimensional time. 
Both the boundary layer flow over a flat plate and a stagnation flow are considered. The 
shear stress and heat fluxes used for these flows are taken from the Falkner-Skan solutions as 
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developed in Chapter 2. The equations are valid for flow over a flat plate even up to supersonic 
Mach numbers (i.e. as high as 1V1~ = 2) . It is assumed, without proof, that this formulation 
is also valid up to high subsonic Mach numbers for stagnation flows. This is reasonable since 
the flow in the stagnation region for an airfoil is low velocity and hence low Mach number. 
The nose radius of curvature of the airfoil is being considered as the characteristic length 
(though applied to idealized stagnation flow) . For the slip velocity for a stagnation flow, the 
potential flow around a circular• cylinder is considered. Starting from the tangential velocity 
Ve = — U~ (1 ~ a2 /7.2) sine , the edge velocity at the stagnation point of a circular cylinder 
may be written as 
3 
Ue = 2 (x ~- 3~ -~ . . . ~ . 
Comparing with the wedge flow, the parameter Ueo for stagnation flows is found to be 2 and 
,Q = 1. For the flat plate, Ueo = 1 and ~ = 0. Using the solution for the wedge flows (Chapter 
2), the skin friction and heat transfer coefficients for the semi-infinite flat plate are 
1 
cf — 2x fern ~~) 
and 
CH ~ 2x Lfe~~~) + ry 2 i moo ~e~n~~) — h~~~)~J . 
Similarly, the skin friction and heat transfer coefficients for the stagnation flow are 
and 
Cf 3 2 / Ueo x.~~~ 1~~ 
CH = ~U eO I fe~~~) + ry 2 l m~ ~e~~0) — U ox2 h~~~)] I . 
L ~ 
Using an input of the dimensional liquid water content LWC*, the parameter L is computed 
from the relation LWC =LWC*~/Jwater and LWC = Re-1~2DawL. This parameter L is then 
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Figure 4.9 Ice shape for different grid spacings. M~ = 0.3, Vdrop = 0.5, 
T~ = 265.OK, Daw = 10-3, LWC* = l.Og~m3, Tairfoil = 0.0. 
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Figure 4.10 Ice shape for different time steps. Conditions are the same as 
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Figure 4.11 Run times for Crank-Nicolson scheme with 3rd WENO oper-
















Figure 4.12 Run times for 3rd order TVD Runge-Kutta scheme with 3rd 
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Figure 4.13 Water film and ice shape for a semi-infinite flat plate. 
M~ = U.3, Vdrop = 1.0, T~ = 265.OK, Daw = 10-3, 
LW C* = 1.Og/m3 , Tair foil = 0.0. Time for accretion is 6 
Zninutes. The arrow shows the diz•ection of increasing time. 
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Figure 4.14 Water film shape on the ice surface for asemi-infinite flat plate. 
Conditions are the same as in Fig. 4.13. The arrow shows the 
direction of increasing time. 
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Figure 4.15 Water film arld ice shape for the stagnation flow. Conditions 
are the same as in Fig. 4.13. The arrow shows the direction 
of increasing time. 
x 
Figure 4.16 Water filrli shape on the ice surface for the stagnation flow. 
Conditions are the same as in Fig. 4.13. The arrow shows the 
direction of increasing time. 
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rime ice, while checking for the onset of the formation of the water film. The ice surface is 
assumed to be at freezing. A simple linear heat transfer is assumed within the ice, since the 
effect of the parameters ~~-u, are not significant for a small temperature difference between free-
stream temperature and ice surface. A check is made to limit the ice height to the water film 
height for higher rates of ice accretion whenever the water film dries out in certain parts of the 
surface. 
Ice accretion is computed for various input parameters up to 6 minutes. The stagnation flow 
case is chosen for a grid study, because larger realistic looking ice accretions may be formed 
for this case. A grid study for different grid spacing and time steps is shown in Figs. 4.9 and 
4.10. For Fig. 4.9, the time step OT is fixed at 0.1. It is seen that the larger grid spacings 
smear the maximum height for ice and its location and OX = 0.04 may be considered to be 
an optimum spacing for the present case. For Fig. 4.10, the grid spacing OX is fixed at 0.04. 
It is found that the time step does not adversely affect the accuracy of the solution. The 
Crank-Nicolson scheme is used for• this study. Since it is desirable to have smaller run times 
for the computation, a map of varying grid spacings and tune steps is shown in Figs. 4.11 and 
4.12 for the Crank-Nicolson and the Runge-Kutta scheme respectively. It is seen that, using 
the WENO coefficients computed from previous time level, it is possible to make the run time 
of the Crank-Nicolson scheme less than that of the Runge-Kutta scheme. Here, the water film 
is shown in the 
Re-1~2DQ/4 
height scale (Figs. 4.14 and 4.16). 
The ice accretion over asemi-infinite flat plate and a stagnation flow are now computed. 
For evaluating the effect of different parameters, six variables are considered for a parametric 
study : the free-stream Mach number Mme , the free-stream temperature Tom, the liquid water 
content LW C*, the temperature of the airfoil Tair foil , the velocity of the incoming droplets 
Vdrop and the air/water density ratio Daw . 'The final time for ice accretion is 6 minutes for 
all cases. The early rime ice formation is usually a few seconds. For stronger rime behavior, 
this time increases up to 40 seconds. For the flat plate, the effect of leading edge cooling is 
evident along with the gradual movement of the ice front with the water film front. This front 
keeps moving downstream, as both the water film and the ice height keep increasing without 
corning into an equilibrium. The maximum ice height is seen to be small, wflen compared 
54 
dimensionally with experimentally observed ice shapes. 
The ice accretion for stagnation flow shows more prominently the effect of various param-
eters such as Mme, `J~ and LT~I C* . In all the cases for the stagnation flow, there is initially 
a runback of water outwards from the stagnation point as the water bead on the ice surface 
spreads outwards. As time progresses, this bead becomes almost static in shape. This indi-
cates a, balance in the accumulation of water and the rate of ice accretion. Since the water 
film comes into equilibrium, it implies that the growth rates of the water film and the ice are 
the same order of magnitude (see Fig. 4.10) . The cooling due to the air is the primary reason 
for this bead shape. The air• cooling restricts the runback on the surface. A prominent horn 
formation is observed for the stagnation flow. 
Lower free-stream temperatures tend to create ice s~iapes which are more rime in nature, 
for both the semi-infinite flat plate and the stagnation flow (Figs. 4.17 and 4.23) . Higher LWC 
leads to runback to a greater distance and a larger maximum ice height for the stagnation flow 
(Fig. 4.24), while the semi-infinite flat plate shows only a greater runback and the maximum 
height remains fixed (Fig. 4.18) . Lower airfoil temperatures lead to smaller runback and a 
lower maximum ice height for the stagnation flow (Fig. 4.25) . However, this effect is not 
significant. For the flat plate, the lower airfoil temperatures lead to more rime shapes with less 
runback and larger ice height (Fig. 4.19) . Larger droplet velocities lead to lower ice heights 
at the stagnation line, which is due to the heat flux from droplet impacts (Fig. 4.26). A 
similar• effect is also seen for the semi-infinite flat plate at the leading edge (Fig. 4.20). Lower 
Mach numbers give higher• ice heights for the flat plate (Fig. 4.21) . For the stagnation flow, 
increasing Mach number generates greater heating at the stagnation line along with a larger 
influx of water (Fig. 4.27). This leads to a greater maximum ice height. The effect of altitude 
is contained in the change of the air/water density ratio, Daw . Daw = 10-3 corresponds to the 
sea-level, Dau, = 4 x 10
-4 
to 10,000 ft and Daw = 8 x 10
-5 
to 20,000 ft, approximately. For the 
flat, plate, lower air/water density implies greater rime behavior and larger ice heights. Lower 
air/water density ratio leads to lower ice heights. It is seen that the boundary layer model 
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Figure 4.17 Ice shapes for different free-stream temperatures for a 
semi-infinite flat plate. M~ = 0.25, Vdrop = 1.0, 
LWC* = 0.5g~m3 , Dau, = 10-3, Tairf oil = 0.0. 
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Figure 4.18 Ice shapes for different liquid water content (LTV C *) for a 
semi-infinite flat plate. M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, 
.Daw = 10
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Figure 4.19 Ice shapes for different airfoil temperatures Tairfoil for a 
semi-infinite flat plate. M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, 
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Figure 4.20 Ice shapes for different droplet velocities for asemi-infinite 
flat plate. M~ = 0.3, T~ = 265.OK, Daw = 10-3, 
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Figure 4.21 Ice shapes for different free-stream Mach numbers Moo for 
a semi-infinite flat plate. Vdrop = 1.0, Too = 265.OK, 
Daw = 10
-3 
, LW C* = 0.5g/m,3 , Tair f oil = 0.0. Time for 
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Figure 4.22 Ice shapes for different air/water density ratios for a 
semi-infinite flat plate. Moo = 0.3, Vdrop = O.J, Too = 265.OK, 
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Figure 4.23 Ice shapes for different free-stream temperatures for stagna-
tion flow. 117 = 0.3, Vdrop = O.S, LW C* = 1.Og/m3 , 
7'air f oil = O.O, Dau, = lO— T~ = T freezing ~ OT * • Time 









Figure 4.24 Ice shapes for different liquid water content (LW C *) for stag-
nation flow. M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, 
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Figure 4.25 Ice shapes for different airfoil temperatures Ta,ir f oil for stagna-
tion flow. M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, Daw = 10
-3 
, 








Vdrop — 0 ' 1
— — — — Vdrop = 0.25 
------- Vdrop= 0.5 
---- v drop =0.75
---------- V drop — 1 .0 
~ l ~ ~ I ~ 
-1 0 1 
X 
~ ~ R 1 ~ 
2 3 
Figure 4.26 Ice shapes for different droplet velocities for stagnation flow. 
M~ = 0.3, T~ = 265.OK, Daw = 10-3, LWC* = l.Og/m3, 
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Figure 4.27 Ice shapes for difrerent free-stream Mach numbers M~ for 
stagnation flow. Vdrop = 0•J~ ~'~ = 265.OK, Daw = 10-3, 
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Figure 4.28 Ice shapes for different air/water density ratios Daw for stag-
nation flow. M~ = 0.3, Vdrop = 0.5, T~ = 265.OK, 
LW C* = 1.Og/m3 , Tair foil = 0.0. Time for accretion is 6 
minutes. 
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CHAPTER 5. CONCLUSION 
An asymptotic model has been developed for transonic and subsonic boundary layer icing. 
A boundary layer formulation for low subsonic Mach numbers is shown to be valid for transonic 
Mach numbers for laminar boundary layer flow past a flat plate. This boundary layer model 
is used to construct the equations for the surface transport Of water over the surface and the 
rate of accretion of a thin ice sheet. Numerical schemes for the water film are examined. The 
behavior of the contact line for the water film is also discussed. This model is then used to 
calculate the water film and the ice shapes for a variety of flow conditions on asemi-infinite flat 
plate and a stagnation flow. It is seen that this simple approach produces realistic ice shapes 
for a variety of flow conditions and is efficient enough to be used in an ice accretion code. 
G2 
APPENDIX. FINITE DIFFERENCE WENO SCHEMES 
In the current study, high order finite difference WEND schemes are considered for the 
computation of the water film. Such schemes are described in detail by Jiang and Shu(37). 
The equation for the water film in two dimensions may be written as 
~Fwater ~.~ 
aT + ax = 
L~3 
where the flux term f = 1 /PVC (ay U) air F 2 /2 and F = Fwater — Fice,w • The ice height at the 
water film height scale may be used as a guess value. For time stepping, the third order TVD 




where, ,~ = L,C3 — ~X f . For the Crank-Nicolson scheme, 
aFwater 1 a.f 
aT + 2 c~X 





a~ ~i~-1/2 — ~i-1/2 







Considering a third order finite difference WEND sclierne, the flux at i-{-1 / 2 is written as 
_ '1 2 
~i-}-1/2 - u~1 ~i+1~~ + ~u-~2,~2+1~2 ~ 
with the functions .fZ~-1/2 and ~ +1~~ 
defined as 
1 1 3 2 1 1 
~i+1~2 = -- ,f i-1 + - ~i ~ ~i~-1~2 = - ~i + - ~i-~1 2 2 2 2 
The weights for these fluxes are computed as 
wi = 
wi 




w~ (~ + a~) 
(3) 
(4) 
where ~Y1 = 1/3,~y2 = 2/3, Cxi = (.f i - ,f i_1)2 , and C~2 = (,~i~i - ~i)2 •The flux fi_1~2 is obtained 
by computing the expression for f i~ 1 ~2 at (i-1) . Hence for the flux f i_ 1 /2 
5 Ji-1/2 - w1~2 1~~ + w2~2 1~2~ ( ) 
with the functions f 1 1~2 and f 2 1~2 defined as 
1 1 3 2 _ 1 1 
~i-1~2 - -- •l i-2 ~ - ~i-1 ~ ~i-1/2 - 
2 
~i-1 + 2 ~i, 
2 2 
The weights wi, wi for the above flux calculation are computed using Eq. 4, where ~1 = 
1/3,~y2 = 2/3, a l = (f2-1 — f2-2)2 , and c~2 = (fi — f2 _1 )2 . For negative wave speed, the scheme 
is symmetric about (i+l/2) and switches the stencil to (i-1)-(i-~2) grid points. The functions 
~Z+i/2 and f +1/z in Eq. 3 are now defined as 
1 1 3 2 _ 1 1 




The weights for these fluxes are computed using Eq. 4, where -yl = 1/3,~y2 = 2/3, cxi = 
~fZ+2 — .~i+l)2 ~ az = (,~~+1 — .~Z) 2 and e is a small number to avoid division by zero. Usually, 
~ can be taken as 10
-6 
. The flux f i_ 1~2 is obtained by computing the expression for f i~1~2 at 
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(i-1) . Hence, the functions f it 1 
/2 
and f 2 1 /~ in Eq. 5 are defined as 
1 1 3 2 1 1 , 
~~-1/2 - - - f ill + 2 f i ~ fi-1/Z - 2 .fi + 2 ~i-1 ~ 2 
The weights wi, iui for the above flux calculation are computed using Eq. 4, where ~Y1 = 
1/3,~y2 = 2/3, ~l = (f i-F-1 — fi)2, and a2 = (f i — fi_1)2 . Hence, it may be observed that the 
third order WENO scheme uses a stencil with (i-2) to (ill) or (i-1) to (i~-2) grid points. The 
WENO spatial operator has more than three points. For time integration using the Crank-
Nic;olson scheme (Eq. 2), either (i-2) or (i-}-2) points, in the third order scheme, are computed 
using guessed values and a tridiagonal system is solved using the points (i-1) through (i~-1) . 
The fifth order WEND scheme, discussed by Jiang and Shu (37), is used commonly in many 
applications. For the fifth order WEND scheme, the flux is written as 
fi-~1/2 = w1JZ_}_.1/2 ~ w2~ ~l/~ ~ w3J 2~1/2~ 







1 7 11 
- fi-2 - ~ f i-1 + ~i~ 
3 6 
1 5 1 
_ - ~ f i-1 + - fi ~" - fib-1 ~ b 6 3 
_ 1 5 1 
- fi + - fi-~l + - fi-~2, 3 6 6 
The corresponding weights are computed as 
wi = 
wi 
3 -- ~ 
=1 u1~ 
where ryl = 1/10, rye = 3/5, rya = 3/10 and 
al 
'y~ 
= 1 2 ~.~z—a — 2.~Z—i +.~Z)2 + 4 ~.~Z-2 — 4f2—i + 3f2)2
13 2 1 2
13 2 1 2
as = 1 2 ~fi — 2.~Z+i ~- fZ+z) + 4 ~3,f~ — 4fi+i + f2+2) 
(7) 
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are defined as 
1 _ 1 7 11 
•~i-1/2 - - ~i-3 - - ~i-2 + .fi-1 ~ 3 6 6 
2 1 5 1 
~i-1/2 = -- fi-~ + - ~i-1 + - ~i~ 
6 6 3 
3 1 5 1 
~i-1/2 - - ~i-1 + - ~i ~ - ~i~-1 ~ 3 G 6 




13 2 2 
= 12 ~f2-s - 2.~z-z + fZ-i) + 4 ~.~,.-s - 4.~2-2 + 3 fz-i) 
= 12 ~.~2-~ - 2 f2-i + fZ)? + 4 ~fZ-z - f~)2 , 
13 ~ 1 ~ 
For negative wave speed, the stencil is symmetric about i-}-1/2. Hence, the functions f +l/~, 
and 3 for E 6 are defined as 
~fi.+l/2 fill/2 q' 
1 
fi+l/2 
1 7 11 
_ - ,~i-4-3 - - ~i-~ 2 + ~i-~ 1, 3 6 6 
1 5 1 
-- ~i-~2+ - ~i-}-l+ - ~i, 6 6 3 
1 5 1 
_ - ~i-}-1 ~ - ~i ~ - ~i-1 ~ 3 6 6 
The weights are computed for Eq. 7 with the same values for -yl , 'Y2 and ~3 and 
13 2 1 2
ai = 12 ~.~~+s - 2.~Z+a + f2+i) + 4 ~f2+s - 4.~z+a + 3fZ+i) , 
13 2 1 2
a2 = 12 ~.fz+2 - 2fi+i + fz) + 4 ~fi+z - .~~) 
13 2 1 2
~s = 12 ~.~z+i - 2f2 + fi-i) + 4 ~3.fZ+i - 4f2 + .~2-i) 
For the flux f Z-1 ~2 , Eq. 6 is computed at i-1 / 2 and the corresponding functions f 2 1 /2 , f 2 1 ~2 
6G 
and f 3 1/2 are defined as 
1 7 11 
3 6 6 
1 5 1 
-- ~i+l + - ~i + - ~i-1, 6 6 3 
1 5 1 
_ - ~i + -~i-1 + - ~i-2, 3 G 6 
The weights are computed for Eq. 7 with the same values for 'Y1, ~2 and ~Y3 and 
13 2 1 2
al 12 
~.~Z+a — 2f2+i + f2) + 4 ~f~+z — 4.~Z+i + 3fi) , 
13 2 1 2
13 2 1 2
as = 12 ~.~2 — 2.~z—i + f2-2) + 4 ~3ft — 4.~z—i + fZ-2) 
It may be noted that the fifth order WENO scheme uses a stencil with (i-3) to (i+2) grid 
points for positive wave speed and (i-2) to (i-~3) grid points for negative wave speed. 
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